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ABSTRACT
In [Spl) and [B/Sp] it has been shown that the existence of quadratic
spaces of uncountable dimension over finite or countable fields sharing
the property that every infinite dimensional subspace has its orthogonal
complement of at most countable dimension is independent of the axioms
of ZFC set theory. Such a space will be called a strong Gross space in
the sequel. Cardinal invariants of the continuum decide whether strong
Gross spaces exist or not. Namely, when b = w; a strong Gross space
of dimension R; exists. When p > w; such spaces do not exist. Here we
answer the question what happens with sirong Gross spaces in case b > w,

orp=uw.

0. Introduction

In [Ba/G], a symmetric bilinear space (E,®) of uncountable dimension has

been constructed over an arbitrary finite or countable field, sharing the property
(##) for all subspaces U C E: if dimU > 8¢ then dimU+L < R

The construction could be done only under the assumption that the Continuum

Hypothesis (CH) holds in the underlying set theory.
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The (**)-property arose from investigations of the orthogonal group of
quadratic spaces in [G/O]. In [G/O] it has been shown that (#*)-spaces of un-
countable dimension always (in ZFC) exist provided the base field is uncountable.
Note that a space of countable or finite dimension is trivially (). In the sequel,
a quadratic space will be called strongly Gross if it has the (s*)-property, its
dimension is uncountable and its base field is countable or finite.

In [Spl] and [B/Sp] it has been shown that the existence of strong Gross spaces
is independent of the axioms of ZFC set theory and, conversely, that strong Gross
spaces can exist in models where CH fails. Involved are cardinal invariants of
the continuum, especially b and p. Here b is the minimal cardinality of a family
of functions w — w which is unbounded with respect to the quasi-ordering <*
defined by f <* g if f(n) < g(n) for all but finitely many n, whereas p is defined
as the minimal cardinality of a filter on the natural numbers such that there
exists no infinite set which is almost included in every member of the filter. For
b and p the relations w; < p < b < ¢ are provable in ZFC. (By c we denote the
cardinality of the continuum 2¢.) In ZFC, none of these relations can be proved
to be either an equality or a strict inequality.

In models for ZFC where p > w; holds strong Gross spaces do not exist.
Martin’s Axiom (MA) implies p > w;. Conversely, if b = w; holds, then a strong
Gross space of dimension R, exists over every field which is the extension of an
arbitrary finite or countable field by countably many transcendentals ([B/Sp)).
In [Sh/Sp] this result has been generalized to arbitrary infinite fields. However,
b = w; does not imply that a strong Gross space exists over a finite field (see
(Sh/Sp]).

The obvious questions remaining open are:

Question 1: Is the assumption b > wy (weaker than p > wy) strong enough to

prove that strong Gross spaces do not exist?

Question 2: Is the assumption p = wy (weaker than b = w;) strong enough to

prove that strong Gross spaces exist?

In other words: Is one of the statements “b = w;,” or “p = w1” equivalent to
“Strong Gross spaces exist”?

Here we give negative answers to both questions.

In Chapter 2 we show that strong Gross spaces are not destroyed by forcing

with the natural partial ordering to adjoin a dominating function (Hechler fore-
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ing). Iterating this forcing over a model where strong Gross spaces exist we get
a model where such spaces still exist and b > w; holds.

In Chapter 3 we define a partial ordering P* with the ccc (countable chain
condition), where k is an arbitrary finite or countable field, such that no quadratic
space over k which is in the ground model is strongly Gross in the extension V' *
Iterating this forcing such that all possible fields are taken into consideration we
arrive at a model where no strong Gross spaces exist. By choosing the ground
model appropriately we make sure that p = w; holds in the extension.

In order to motivate the word “strong” in “strong Gross space” we mention
that the notion of “Gross space” is obtained by replacing in the definition of a

strong Gross space the (**)-property by the following weaker property
(*) for all subspaces U C E: if dimU > R; then dimU+ < dimE

In [B/Sp] and [Sh/Sp] there are partial independence results concerning Gross
spaces. Gross spaces of dimension ¢ exist if MA holds. Note that this contrasts
with the situation for strong Gross spaces. In the model obtained by iterated
perfect set forcing there are no Gross spaces in dimension ¢. The partial ordering
P* from Chapter 3 can also be used to produce such a model. But it is still an
open question whether there is a ZFC-model where Gross spaces do not exist in
any dimension.

For a survey on the whole subject see [Sp4].

1. Preliminaries

1.1. THE CARDINAL INVARIANTS b AND p.

If f, g € “w then we say f eventually dominates g, and we write g <* f,
iff JkVn > kg(n) < f(n). A family F C “w is <*-unbounded iff there is no
f € “w such that Vg € F g <* f. Then b is defined as the minimal cardinality
of a <*-unbounded family in “w.

Let [A]“ denote the set of all countably infinite subsets of the set A. For a,
b€ [w¥ let a C* biff a—bis finite. If F C [w]” then a set ¢ C w is called
pseudo-intersection of F iff Vb € Fa C* b. We say that F has the strong
finite intersection property iff every finite set of elements of F has infinite
intersection. Then p is defined as the minimal cardinality of a family in [w]“ with

the strong finite intersection property which has no infinite pseudo-intersection.
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We quote the following theorems from [vD] which form part of the folklore in
set theory.

THEOREM 1 (part of Theorem 3.1.): a)w; <p<b<c.
b) b and p are regular.
¢) Ifw<k<pthen2* =c.

THEOREM 2 (part of Theorem 5.1.): Let x and A be regular cardinals with w, <
k& < A. It is consistent with ZFC that c =X and b =p = «.

THEOREM 3 (a consequence of Theorems 5.3 and 3.1.): It is consistent with ZFC
that b > p.

Remark: In this paper, two models of ZFC are investigated where b > p holds.
]

1.2. ITERATED FORCING.

On iterated forcing we agree with [B], [J] or [K]. We consider only finite-support
iterations. Thus an iteration looks like (Ps : 8 < a), where Pj is the result of
the first 3 stages of the iteration (the direct limit if § is a limit ordinal), and for
each § < a there is some Pg-name Qg such that

Itp, Qﬂ is a partial ordering

and Pgy, is isomorphic to the forcing product Pg * Qp. Throughout this paper
we use the following well-known facts about iterated forcing (sometimes without
explicitly mentioning them).

THEOREM 4 ([B], Theorem 1.2.): If 8 < «, G4 is P,-generic over V and Gg =
{p|B : p € Ga}, then G is Pg-generic over V. Thus we have V[G3] C V[Ga].

THEOREM 5 (essentially [B], Lemma 3.5; see also [K], Lemma 5.14, p. 276.):
Suppose P, has the countable chain condition. If G, is P,-generic over V and
in V[Gq], X C V is a set of cardinality < cfla), then there exists § < o such
that X € V[Gg].

THEOREM 6 ([B], Cor. 2.3.): Assume that for every 8 < a IFp, Qﬂ has the
countable chain condition. If direct limits are taken everywhere then Py has the

countable chain condition.
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THEOREM 7 ([B], Lemma 3.2 in case A = w;): Suppose P has the countable
chain condition, |P| < k and k* = k. IfIFp |Q| < &, then |P * Q| < &.

THEOREM 8 ([B], Lemma 3.3 in case A = w1): Suppose P has the countable
chain condition, |P| < k and k¥ = k. Then lkp ¢ < k.

1.3. Forms.

We consider vector spaces E over a countable or finite commutative field k
of arbitrary characteristic which are equipped with a symmetric bilinear form
®: ExE — k. For a subspace U C E the orthogonal complement U+ is
defined as UL = {z € E : Vy € U &(2,y) = 0}. The space (E,®) is called
nondegenerate if ELX = {0}. Needless to say that a nondegenerate space may
contain isotropic vectors, i.e. nonzero vectors z such that ®(z,z) = 0.

We remark that all the results in this paper and in [B/Sp] are true in a fairly
more general context. At first, everything remains true if we generalize to or-
thosymmetric sesquilinear forms over a skew field which is endowed with an
involutory antiautomorphism (see [G] for the definitions), since what is needed
essentially is that the form defines a symmetric orthogonality relation. Moreover,
using a representation theorem (for AC-lattices of length > 3 equipped with a
polarity (see [G] and {Ma/Ma])), then all the results can be transferred to the
level of abstract ortho-lattices. Of course, it should as well be possible to carry
out all the proofs on this level. This has been announced in [Sp2] and is worked
out in [Sp3].

2. Existence of strong Gross spaces is consistent with b > w;

By Theorem 1 in [Ba/G], strong Gross spaces of dimension R; exist under the
assumption that CH holds. In [B/Sp] it has been shown that CH is not necessary
for this result. In fact, forcing with the Cohen algebra to enlarge the continuum
produces strong Gross spaces. We quote Theorem 2, Chapter 2, which cannot be
improved since ¢ is an upper bound for the dimension of a strong Gross space.
Since k is countable or finite this follows quickly from the Erdos-Rado partition
Theorem. More general, it is not difficult to see that a space (E,®) which is
defined over a field k of arbitrary cardinality and has the (#*)-property satisfies
dimFE < |k},

THEOREM 1 ([B/Sp], Theorem 2, Ch. 2.): Suppose we force by adding k Cohen

reals where £ > Ry. Let E be a k-dimensional vector space over a finite or
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countable field k in the extension.

Then there exists a nondegenerate symmetric bilinear form ® on E such that
for any countable linearly independent set X C E, for all but countably many
vectors y € E it is true that {®(z,y) : ¢ € X} = k. Hence, in particular, (E,®)

is strongly Gross.

In [B/Sp] (Chapter 4) a strong Gross space of dimension 8; and over a count-
able field has been constructed under the sole condition b = w;. The question
remained open whether strong Gross spaces can exist when b > w; holds. We
prove here that strong Gross spaces are not destroyed by forcing with a finite
support iteration in which each step amounts to forcing with the natural par-
tial ordering P to adjoin a dominating function. Hence the iteration will be
(Py : @ < k) where P, is the direct limit of (Pg : § < a) if a is a limit and
Pyy1 = Py Qa where Qa denotes P defined in VP=,

The partial ordering (P, <) is defined as follows. Let IS = {s € |J
is strictly increasing}. Then P = {(s, f) : s € IS, f € “w, f strictly increasing},
and we set (s, f) < (t,g) iff s 2t and Vnf(n) > g(n) and Vn > length(t) s(n) >
g(n). It is clear that P and hence P (by Theorem 6, §1) has the countable

chain condition since any two elements of P with the same first coordinate are

n.,.
new w:s

compatible. It is not difficult to see that forcing with P adds a function in “w
which eventually dominates all functions in the ground model.

Hence, by what we claimed above, if we force with P, where cf(x) > w; over a
model where strong Gross spaces exist, then we get a model where such spaces
exist and b > wy holds.

But we can get even more. Let V be the model in Theorem 1 where & > w; is
regular such that ¢ = x holds. Then strong Gross spaces of maximal dimension
c exist in V. We claim that the continuum is not affected by forcing with P,.
In fact, if Q denotes P defined in V¥ then (since P satisfies the countable chain
condition) IFp |Q| = &; furthermore k* = c¢* = ¢ = k. Hence, by Theorem 7, §1
we have [P % Q| = . By induction we get |Px| = «, and hence by Theorem 8, §1
we conclude IFp, ¢ = . Clearly VP satisfies b = « (x is regular), and thus we

get the following result:

THEOREM 2: Suppose we force by adding x Cohen reals such that in the exten-
sion V, & is a regular cardinal and ¢ = « holds. Let P, be the finite support
iteration of k many Hechler forcing notions as defined in V.
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Then in the extension VP strong Gross spaces of (maximal) dimension ¢ exist.

Proof: We have to show that strong Gross spaces are preserved under forcing
with P. Soin V, let (E, ®) be strongly Gross over k. Without loss of generality
we may assume that dimFE = w;. In fact, any uncountable dimensional subspace
of E, if equipped with the restricted form, is strongly Gross, and conversely, if
(E,®) is not strongly Gross in VP (since P, has the countable chain condition)
then there exists an R;-dimensional subspace of E in V which is not strongly
Gross in the extension.

In [B/D], a sequence (a¢ : £ < A) in [w]“ of length A where cf(}) > w is called
eventually narrow iff Va € [w]“3¢ < AVp > £a — q, is infinite. Theorem
3.3 [B/D] states that any eventually narrow sequence in V remains eventually
narrow in V. There is a close relation between preservation of eventually nar-
row sequences and preservation of strong Gross spaces. The following definition

provides the link.

Definition: A sequence (A¢ : £ < A} of subspaces A¢ C E with cf()) > w is
called eventually linearly narrow iff for any infinite linearly independent set
A C E there exists £ < A so that for every n > £ A — A, is infinite. 1

Now fix an enumeration (z¢ : { < w,) of E [|E| = |k|-dimE = N,].
claim that ((z¢)' : € < w;) is eventually linearly narrow in V. [Otherwise,
there exists an infinite linearly independent set A C E such that 4 — (z¢)* is
finite for uncountably many £. We may certainly find an infinite A’ C A and
an unbounded B C w; such that V¢ € BA' C (:L'g)‘L. By countability of k we
conclude dim spanA'* = ®;. This contradicts the assumption that E is strongly
Gross in V]

On the other hand, if in VP« there exists an infinite dimensional subspace
U C E so that dimU+ = ¥, (i.e. E is not strongly Gross in VF* ), then clearly
((ze)* : € <wy) is not eventually linearly narrow in VP,

From the previous two paragraphs we conclude that it suffices to show that
eventually linearly narrow sequences are preserved by forcing with P,.

If the field k is finite we may apply Theorem 3.3 [B/D] without difficulty, since
then ((z¢)! : £ < wi) is even an eventually narrow sequence in the sense that
VA € [E]“3¢ < w1V > £ A — A is infinite. [Any A € [E]“ contains an infinite
linearly independent set.]

If k is infinite this is clearly not true, since an arbitrary finite dimensional
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subspace (which is infinite as a set) is contained in uncountably many (z¢)1. So
we have to give new arguments.

As in the proof of Theorem 3.3 in [B/D] the crucial step is the successor step.

THEOREM 3: Any eventually linearly narrow sequence (A¢ : § < ) in V remains

eventually linearly narrow in VF,
Proof: By the way of contradiction assume that the theorem is not true. Then

there exist (s, f) € P and a P-name A such that
(s,f) IF A C E is a countably infinite linearly independent set
such that V& < A3y > €A — A, is finite.

By the countable chain condition of P there exists a subspace U C E of

countable dimension, say U = @, ., kun, such that U € V and

new
(s, fYIFACU
We claim that there exists a P-name H so that

(1) (s, f) I H enumerates A and Vi € w H(3) ¢ @ ku;

i<i
[In order to obtain such a name proceed as follows. In V, fix a well-ordering <
of U such that for all z = 2:';1 Ay, Y = 2:;1 Biun, € U the following holds:

max{m;:i<m} <max{n;:i<n} oz <y

It is clear that every infinite linearly independent family in U is given type w by
the ordering < and its <-ith element does not lie in span{u; : j < i}. So let H

be a P-name such that
(s, f) I H enumerates A according to <

(We use the existential completeness of forcing to get such H.)]
Now for each £ < A fix (s¢, fe) < (s, f) and ng € w, if possible, such that

(2) (se, fe) IF Vi > ng H(i) € Ag

Clearly, (s¢, fe) and ng will be defined for £ belonging to an unbounded subset
of A. By cf(}) > w there exist u, n and an unbounded B C X such that V¢ €

Bs¢ =u and ng =n.
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Again, by cf(A) > w we may choose h € “w such that for all m € w the set
{€ € B: hlm C f¢} is cofinal in A.

The rest of the proof of Theorem 3 is organized as follows. We will prove
Lemma 2 which is an analog of Lemma 3.2 [B/D] under the assumption that
Theorem 3 is false and then derive a contradiction. The proof will be by induction
on elements of IS, justified by the following Lemma 1 which is Theorem 2.1 [B/D]
and holds unconditionally.

Suppose D is an open and dense subset of the p.o. P. ("Open” means Yp,¢ € P
if p < qand g € D, then p € D.) Define a sequence (D, : & < w;) of subsets of
IS by induction as follows:

(1) Let Dy = {s € IS :3f (s, f) € D}.

(2) Let Dot1 = {s € IS : (3n > |s|)(Vk € w)(3t € Dy)s C t and |t| = n and
(V) if |s| £ ¢ < n then (i) > k}.

(3) I « is a limit ordinal then let Dy = |J{Dg: f < a}.

Then (D : « < wy) is a C-increasing sequence of subsets of IS. Since IS is

countable there exists ¥ < w; such that Dy = D.4,.

LemMMA 1 ([B/D], Theorem 2.1.): Suppose D C P is dense and open and (D :
a < wy) and v are defined as above. Then D, = IS.

Proof of Lemma 1: Suppose that for some s € IS we had s € D,,. Forn < w
let

Wp={t€lIS:sCtand|t|=nandt€ D,and (VsCt Ct)t' ¢ D,}

It is not difficult to see that each W, is finite. Hence we can define a strictly
increasing f € “w such that (Vn)f(n — 1) > max{t(n —~ 1) : t € W,}. Since D is
dense we find (t,g) € D such that (¢,9) < (s, f). Now t € Dy and so some t' C ¢
belongs to some W,, where n > |s|. But this is impossible by the definition of f
and since t'(m) > f(m) for all m € dom(t') with m > |s|. ]

LEMMA 2: Foralli > n and t such that (t,h) < (u, h) the set

Z4(t) = {F C U : F is a subspace of finite dimension and Yg3(t',¢') < (¢,9)
(#,") - HG) € F}
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1s not empty.

Proof of Lemma 2: Let i > n. The set D = {(t,9) : Jz(t,g) IF H(E) = z} is

dense and open. Hence by Lemma 1, { Do =1S. The proof is by induction

alwy
on a.

For t € Dy the statement is clear.

Let t € Dag1 — Do such that (t,h) < (u,h). There exist a sequence (£, )new

in D, and m € w such that
(Vn)t C t, and [t,| = m and t,(|t|) > n and (t,,h) < (¢, h)

By induction hypothesis there exist F,, € Z; (i). We may assume that all the
F, are of minimal dimension. Hence for every subspace M C F,,, M # F,, there

exists g € “w so that
V(t',g") < (tn,g) (t',¢') FHG) ¢ M

KEF=Y,
Suppose dimF = co. We claim that this cannot happen. In V, we define a

new Fn is of finite dimension, then clearly F' € Z(i) and we are done.

linearly independent set {y; : | € w} in F by induction so that
ViVEe B':={{ € B: hlm C fe}yi € A
This is a contradiction since (A¢ : £ < A) then is not eventually linearly narrow
inV.
We define {y; : | € w} as follows:
1) We claim that there exists yo € Fy — {0} so that (V€ € B')yo € A¢. Suppose

not. Then FoNf),cp. A¢ = {0} and hence there exist finitely many &1,...,§ € B’
so that

3) Fyn () 4g, = {0}

i=1

Choose g € “w such that ¥YnV1 < j < pg(n) > f¢;(n). Since Fo € Z4,(i) there
exists (t',¢') < (%o, g) such that

(4) (t',¢") F H(G) € Fy
Then clearly for all 1 < j < p we have (¢',¢') < (u, f¢; ) and thus by (2)

(5) (t,9") F H() € A
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But (4) and (5) put together contradict (3).

2) Assume yi, ...,y have been chosen linearly independent such that for all
1<j<ly;€F, and V€ € B'y; € A¢.

There exists ni4+; so that M := Fy, ,, N 2_’,-:1 F; G Fy,,,. By minimality of
dimF,

niy there exists g € “w so that

(6) V(t',g') < (tniga»9) (th9") FH() ¢ M
Since Fn,,, € Zt,,,, (2) the set
N ={z € Fo,, : 3(t",¢") < (tniy,9) (¢',9") F H() = 2}

is not empty. By (6), NN M = . Clearly dim spanN < co.

Now choose £1,...,{, € B' such that the dimension of span NN Ag N...NA, is
minimal. Then clearly we have NNAg, N...NAg, CspanNNAg N...NAg, C A
for all £ € B'. Consequently, in case N N A¢, N...N A¢, # 0 we may choose yi41
in this intersection arbitrarily. We claim that this case must occur.

Otherwise we have N N A¢, N...NA¢, = 8. Choose ¢’ > g, f¢,,..., f¢,. There
exist z € N and (t',9") < (tn,,,,9’) such that (#,¢") I+ H(i) = z. But also
(t',9") < (u, f¢;) and hence (t',g") I+ H(i) € A, for all 1 < j < p, and thus
T € NNAg N...N Ag,, a contradiction.

Hence, Lemma 2 is proved. |

By Lemma 2 we may choose F; € Z,(i) for every i > n. Then by (1) there
exists an increasing sequence (i;)re, so that

(V)F,n Y F, # F
<d

As in the proof of Lemma 2 we may find a linearly independent set {y; : [ € w}
such that y; € F}, and

VIVE € By € Aq

Hence the sequence (A¢ : £ < A) is not eventually linearly narrow in V, a con-
tradiction. This proves Theorem 3. |
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THEOREM 4: Any eventually linearly narrow sequence remains eventually lin-
early narrow in VF=,

Proof: By induction on a < «. The successor step is handled by Theorem 3. For
limit ordinals the proof of Theorem 3.3 [B/D] applies without difficulty. Suppose
(Ae, & < A) is eventually linearly narrow. If cf(a) > w then P, introduces no
new subspaces of countable dimension that have not already appeared at some
earlier step of the iteration. So we may assume cf(a) = w and the Theorem is
true for § < a. Let (a,,n € w) be an increasing sequence cofinal in a.

Suppose that the Theorem is false for a. So for some P,-name H and some
p € P, we have

p IF H enumerates a countably infinite linearly independent set in E

such that V&€ < A\3n > ¢ rangeH — A, is finite.
In V, for each £ < A choose a condition p¢ < p and n¢ € w, if possible, so that
pe IF Vi > ng H(i) € Ag

Clearly, p¢ and n¢ will be defined for { belonging to some cofinal subset of A. Since
P, is the directed limit of the Pg, 8 < «, for each £ we have p¢ € P,,, for some
m € w. Choose n and m such that for cofinally many £ € A we have pg € P,,,
and n¢g = n. Since P, , satisfies the countable chain condition there exists a
P, .-generic filter G which contains cofinally many of the pg’s where ng = n.
Now define B as the set of ¢ such that for some p € G p IF Vi > nH(i) € A¢.
Clearly B € V[G] and B is unbounded in A. Hence we conclude

VIG = {HIGIG) :i 2 n} € ({4e :€ € B).

But this contradicts the inductive hypothesis that (A¢, £ < A) is eventually lin-

early narrow in VFem, |
|

Remark 1: The attentive reader may have noticed that in Theorem 2 we stated
less than one could conceive to be true.

We forced twice. At first we adjoined Cohen reals to create strong Gross
spaces over arbitrary fields. Then we adjoined Hechler reals and proved that

the spaces existing over the fields in the first-step model are preserved. But a
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dominating function creates new fields as can be seen by arguing with infinitely
many irreducible polynomials over the rationals (of unbounded degree). The
dominating real gives a new subset of them (dominate the degrees). Look at the
algebraic extension given by adjoining the zeros of the polynomials in it. We do
not know whether Hechler Forcing produces strong Gross spaces so we do not
know whether in the final extension strong Gross spaces exist over all fields.

To overcome this difficulty just adjoin £ Cohen reals (with finite support) not
only at the beginning of the iteration but again and again after every dominating
real. Then a new field occurs in an intermediate stage and, by Theorem 1, the
next block of Cohen reals generates a strong Gross space of maximal dimension
{which is x) over that field. But this space could be killed again later in the itera-
tion by a Cohen step. Fortunately this will not happen since every finite-support
iteration of cce partial orderings which preserve strong Gross spaces itself pre-
serves such spaces. (This is just the limit step of the proof of Theorem 4, since
there we used no additional information on the posets of the iteration.) But Co-
hen forcing is the finite-support limit of the trivial forcing with two incompatible

elements. So we are done. I am indebted to Jim Baumgartner for this hint. |

Remark 2: We remark that Theorem 4 is true for vector spaces defined over

arbitrary (not necessarily finite or countable) fields. |

Remark 3: Translating the proof of Theorem 3 back to the original situation
in [B/D], one obtains a purely combinatorial argument avoiding elementary sub-

structures. [ ]

3. Nonexistence of strong Gross spaces is consistent with p =w

By Theorem 1 in Chapter 2 of [B/Sp], strong Gross spaces do not exist if p > w
holds. Since under b = w; a strong Gross space always exists ([B/S], Ch. 4) it
is natural to ask whether this is true under the weaker condition p =w; (p < b
by Theorem 1a), §1). Here we give a negative answer to this question. We prove

the following Theorem:

THEOREM 1: Let V be a model of ZFC which has been obtained from a model
for ZFC+GCH by adjoining many subsets of wy by the standard o-closed Cohen
forcing. In V, let k > w; be a regular cardinal such that k < 2“1,

Then in V there exists a ccc partial ordering P such that in the extension VP

there are no strong Gross spaces and p = wy and ¢ = £ hold.
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Proof: The first step in the proof will be to define a partial ordering P* where
k is an arbitrary finite or countable field such that no quadratic space over k in
the ground model will be strongly Gross in the extension VP "

Elements of P¥ are pairs (s, A) where

1) s = (s1,...,8,) is a finite sequence of functions s; : w — k such that (Vi)
support(s;) = {m : si(m) # 0} is finite. (The s;’s will describe vectors.)

2) A is a finite set of functions f : w — k. (The f’s may be thought of as
sequences of Fourier coefficients.)

On P* we define an ordering < by setting

(s,A) <(t,B)iff s 2t and A D B and
(Vi) if s > length(t) then (Vf € B) ), si(n)- f(n) =0

In the sequel, we will abbreviate the formula ), si(n) - f(n) = 0 by writing
si L f. Needless to say that the dot in this formula is the multiplication in the
field %.

Since two conditions with the same first coordinate are compatible and [k| <
Rg, P* clearly has the countable chain condition (is even o-centered).

Now let G be Pk-generic over V and set S = Uprl G.

PROPOSITION 1: S is an infinite sequence of vectors S;, and if f : w — k is in
V, then there exists ¢ < w such that (V5 >1)S; L f.

Proof of Prop. 1: It suffices to see that for arbitrary n and f the set of pairs
(s,A) such that |s] > n and f € A is dense in P*. Let t be of length > n such
that ¢ O s and ¢; is the zero vector for ¢ > |s]. Then clearly (t,A U {f}) is as
desired and extends (s, A). |

The intention is that in every quadratic space (E,®) in V the vectors given by
S will describe subspaces with a large orthogonal complement. So we must be
sure that they are of infinite dimension. This is accomplished by the following

Proposition.

PROPOSITION 2: Considered as vectors in the k-vector space k¥, the S;’s span

an infinite dimensional subspace.

Proof of Prop. 2: By genericity, it suffices to show that for every n the set

D, = {(s, A) € P*: (i < |s|)(3m > n) s;(m) # 0}
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is dense.
Let (s,A) € P*¥ where A = {fi,..., f;}. Consider the following system of p

homogeneous equations in p + 1 unknowns &g, ..., &n4p

(e + ... + fAln+paty = 0

Hn + oo+ St Dty = O

and let (§a,...,&n+p) be a nontrivial solution vector. We set

4 _[én fn<m<n+p
Jsi(m) {0 otherwise

and t = s7t},|. Then clearly (¢, A) < (s,4) and (t,A)€ D,. &

Now we are able to prove the following theorem:

THEOREM 2: InV, let (E, ®) be a quadratic space over k of uncountable dimen-
sion. If U C E is a subspace of infinite dimension and X C E is uncountable
with cf(|X|) > w and U, X € V, then in VP" there exists an infinite dimensional
U' C U such that Ut N X has cardinality | X|. Consequently, dimU'* > |X| and
(E,®) 1s not strongly Gross in VP

Proof of Theorem 2: Let U = D, ¢, ktn. For every z € X set f, = (®(z,u,):
n € w). Then clearly f, € V. Hence by Proposition 1 there exists i, € w such
that (V¢ > i;)S; L f;. We conclude Vi > i,

Bz, Y Si(n)ua) = Y Si(n)fz(n) =0

ncw ncw

By cf(]X|) > w we may choose i and X' C X such that |X'| = |X| and
(Vz € X')i; = 1. Hence, if we let

U’ = span {E Si(n)un : j 21}
new

we have X' C U'* and dimU’ = R, by Proposition 2. 1

Theorem 2 does not rule out the possibility that in V' * either strong Gross
spaces in V over a field distinct from k are preserved or spaces are strongly Gross

which have not been in V. In order to get a model where provably no strong Gross
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space exists we iterate forcing with P* where again and again k runs through
all possible fields. Clearly it suffices only to consider fields with a subset of w as
underlying set.

Our ground model V satisfies CH and 2“* > ¥ > w;. We will make sure that
in the final extension ¢ = £ < 2“* will hold. Then by Theorem 1c), §1 we know
that p = wy is true.

By induction we define a finite support iteration (P, : a < &) such that the
following are true:

1) For all a < « we have Poty = Py * Qa such that

IFp, Qo has the countable chain condition and Q.| =

2) If G is Pi-generic over V and k is a finite or countable field in V[G ] with
a subset of w as its underlying set, then for arbitrarily large o < x we have
Pyy1 =P, * Qa where Qa denotes P* defined in VI[Ga]. (It goes without
saying that by Theorem 5, §1 k € V[G,] for some a < &.)

Suppose o < £ and P and Qs have been determined such that 1) holds for
all 8 < a. By Theorem 6, §1, Pg has the countable chain condition for all § < a.
So, using induction and Theorem 7, §1 we conclude |P,| < k. Putting together
these facts, by Theorem 8, §1 we get IFp, ¢ < &.

Hence there is a Po-name (kY : 4 < &) such that

IFp, (k) :+ < k) enumerates all finite or countable fields with a subset of w

as underlying set

Fix 7 : £ = £ X & such that for every (8,9) € & X & there are arbitrarily large
a < & such that #(a) = (8,7), and whenever x(a) = (3,7) then 8 < a.

Let & = n(8,7). Since f < a we may treat k; as a P,-name and hence we
may define @ as a P,-name such that

p, Q= P*

Then clearly, IFp, “Qa has the countable chain condition”, and by I+ P, €<k
as seen above we also have IFp, |Q4| < x. This completes the definition of
(Po:a < &).

Now we are able to finish the proof of Theorem 1. As in Theorem 2, we can
get even more:
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THEOREM 1 (revised): Let G be Pi-generic over V. In V[G,], let k be a finite
or countable field and (E, ®) a quadratic space over k of uncountable dimension.

Then for every subspace U C E of infinite dimension and every uncountable
X C E with |X| < & and cf(]X]) > w there exists a subspace U' C U of infinite
dimension such that U'* N X has cardinality |X| and hence dim(U't) > |X]|.

In particular, (E, ®) is not strongly Gross.

Furthermore, V|G| satisfies p = w;.

Proof of revised Theorem 1: We may certainly assume that the underlying set
of k is a subset of w and dimU = R,.

Set E' = span(X UU), ® = ®|E’ x E’. By Theorem 5, §1 there exists § < &
such that k, U, X and (E',®') are all in V[Gg]. Then k must be the denotation
of some k; Let 7w(a) = (8,7). By construction, Qo denotes P* defined in VI[Ga);
hence V[Gast1] = V[Ga)F*. By Theorem 2, in V[Ga+1] there exists a subspace
U' C U of infinite dimension such that U't N X has cardinality | X|.

As for the second statement we have already seen that IFp, ¢ < k. It is obvious
that during the iteration cofinally many times new subsets of w get added. Hence
we conclude [Fp, ¢ = k. Since Py is ccc and thus preserves cardinals, 2“1 > &
holds in V[G] since it holds in V. Hence by Theorem 1c), §1, p = w; holds in
V|[G«]. This completes the proof of Theorem 1. |

Remark 1: Since under the assumption b = w; a strong Gross space always
exists, the model VP of Theorem 1 clearly satisfies b > w;. It even satisfies
b = c, since by the following fact, at every step of the iteration where we force

with P* such that k is infinite a dominating function is added.

FACT: Suppose k is a countably infinite field. Then forcing with P* adjoins a
function f : w — w which dominates all functions in “w in the ground model.

Proof: In V, fix a bijection 7 : {t € k¥ : {n : t(n) # 0} finite } — w. Let
G be P*-generic over V and let ¢;, i € w, enumerate S = |JpriG such that
Vidj > iti(j) # 0. Define f(n) = n(t,). We claim that f dominates the ground
model reals. Given g € (“w)Y define h, € k* as follows. By induction on n
choose hy(n) so that Vt € 771{0,...,g(n)} if n = max{i : t(:) # 0} then ¢ L hq.
Since k is infinite such a choice is possible. Clearly h; € V.

If now (s, A) isin G and hy € A then Vt; € S — s we must have f(i) = n(t;) >
g(i) so f dominates g.
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Remark 2: In the model of Theorem 1, 2 < 2! holds. Once we have obtained
such a model, it is possible to get a model where no strong Gross spaces exist
and p = wy but 2 = 2t holds. This kind of argument we heard from Jim
Baumgartner.

In fact the model of Theorem 1 is a two-step model. At first we force with the
Cohen algebra over a model of GCH to get 2“* > « and then via P,; to make sure
that there are no strong Gross spaces. In the final extension there is a witness
W to p = wy and that witness has cardinality w;. Of course P, has cardinality
k. Thus if we look at the model V[W, P,][G,], where G is the P.-generic set,
it is clear that this is a submodel of the original two-step model so there are no
strong Gross spaces in it. It also contains W so it must be true that p = wy.
Finally, adding W and P, required no more than & subsets of wy so we must have
2“1 = 2% = g, as desired. |
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